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By Justin Bishop, Quanqi Dai, Yu Song and Ryan L. Harne*
This work investigates a model design for lightweight, architected material inclusions that cultivate
significant impact energy dissipation in structures. The inclusions are sustained near a critical point
where damping is theoretically increased without bound. Using the principle, a material architecture
and constraint mechanism are studied that exemplify the theory. Guided by a computational model
and analysis, numerous specimens are fabricated and experimentation verifies that engineered
material inclusions constrained nearer to critical points most effectively suppress structural
dynamics following impact, minimize transmitted impulsive force, and better promote structural
integrity. The concepts articulated here may find broad application for reusable, resilient protective
structures.
Left unabated, impact energy can result in extraordinary virtue of phase transformation phenomena and the associ-

harm to engineered systems and the delicate objects contained
therein. Recent attention on sports- and service-related head
injuries[1] has directed significant effort to develop new
material systems for helmets with unprecedented impact
mitigation capabilities[2] that may serve as models for a wider
class of energy-absorbing materials. Beyond head injuries,
everyday engineering structures including aircraft, automo-
biles, and civil infrastructure, to name a few, must be resilient
enough to withstand unexpected blast or impact loading
without compromising the safety and integrity of occupants
and cargo.[3,4]

These motivations have fueled research communities for
decades, particularly to devise materials with the ideal
balance of high damping and high stiffness.[5–11] Among the
investigations, the use of negative stiffness has been
postulated to engender significant energy absorption by
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ated hysteretic damping effects.[12–15] Such transitions have
been induced in composite matter using ferroelectric[16] and
temperature[17,18] tuning, showing that macroscopic stiffness
and damping are controllable across orders of magnitude
with respect to the bulk composite properties in absence
of tuning.[13,19] Designs for architected, elastomeric, or
mechanical metamaterials incorporating two- or multi-state
transformations have also been presented to absorb, “trap,”
or rectify vibration and wave energy via topological
transitions among stable equilibria.[20–24] Such metamaterials
bring the ideas from composite matter closer to practical
embodiments by virtue of innovative designs and
implementations.

These more practical metamaterial concepts that exploit
negative stiffness and phase transformations indeed demon-
strate significant energy dissipation, including for impact
absorption. Yet, in agreement with the prior developments in
studies on two-phase matter,[12,19] the transitions themselves
are not the preferred tools to leverage for extreme energy
dissipation. To exemplify this reasoning, consider an example
from structural mechanics. The fundamental generalized
coordinate of (bending) motion for a simply supported beam
is denoted w, Figure 1a. A negative stiffness, respecting
transverse beam deflection w, is introduced by applying a
compressive force P along the beam axis; a non-dimensional
parameter p is proportional to this force, p / P.[25] For
variation in the compressive force, the lowest, linear
eigenfrequency vn vanishes at the critical point p ¼ 1, which
Verlag GmbH & Co. KGaA, Weinheim wileyonlinelibrary.com 1871



Fig. 1. Concepts and material design methods. (a) Illustration of critical point in an axially compressed beam resulting in unbounded damping ratio. (b) Material inclusion without
constraint, and (c) under constraint within the cylindrical structure. (d) Inclusion design parameters considered in FE model, with the FE model geometry shown at the left. (e) FE
model results of lowest eigenfrequency sensitivity to parameter change. The unshaded area denotes post-buckled inclusions while the horizon between shaded and unshaded areas is
the range of parameters promoting the critical point: the effective condition that p¼ 1. In (e) inset photographs, the black bars are 10mm. (f) Analytical prediction of time for a
structure to return to rest after being acted upon by an initial energy for various inclusions having different load parameters p.
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separates pre- (p � 1) and post-buckled (p > 1) beam config-
urations. The damping ratio is determined by z ¼ b= 2m vnð Þ
where b and m are, respectively, the inherent material viscous
damping and the mass associated with the generalized
coordinate w. By virtue of this definition, the damping ratio z

increases without bound at the critical point; the solid curve
plotted in Figure 1a presents this dependence when normal-
ized against the damping ratiowithout the force z0. In general,
for values of p near to the critical point p � 1, the damping
ratio z is orders of magnitude greater than when the force is
removed p ¼ 0 or when the beam is post-buckled p > 1, while
imperfections and system asymmetries reduce the maximum
growth of damping.[26] Analogous phenomena to this
example in mechanics are elsewhere observed in ecology,
physiology, finance, and other sciences as reported by a
“critical slowing down”[27,28] which is indicative of enhanced
“damping” effects acting on the ordinary time scale of
dynamics. Building from such reasoning, we hypothesize that
the most effective strategy by which to leverage phase
transitions in architected material systems for extreme
damping properties is not to trigger post-buckling behaviors
like the recent elastomeric and mechanical metamaterial
concepts,[20–24] but is instead a strategy to sustain the
engineered materials at the critical point itself.

In this report, we investigate this hypothesis by probing a
model realization of a lightly damped, elastomeric, and
architected material inclusion that is constrained on the verge
of buckling when embedded within a structural system,
Figure 1b and c and see Supporting Information. Guided by
computational and analytical models that illuminate strate-
gies for design and implementation of such inclusions, we
experimentally characterize the roles of critical point con-
straints on the effectiveness of suppressing impact energy and
transmitted impulse to the structure within which the
architected material inclusion is embedded and constrained.
The focus on impact energy dissipation capability in this
study is motivated by its prime importance in numerous
1872 http://www.aem-journal.com © 2016 WILEY-VCH Verlag GmbH & C
applications[3,4] and by its valuable characterization of
broadband damping performance.[2] In addition, our exami-
nation of linear-like damping properties aims to challenge the
potential for critical point constraints to facilitate robust
impact energy absorption that may be free from the
amplitude-dependence of contemporary nonlinear systems
considered to promote exceptional energy damping and
diffusion.[20–24] The following paragraphs describe our
approaches, findings, and conclusions.

Compressive stress,[29] geometric constraint,[23] and active
multi-field tuning[16,17,30–32] are candidate methods for
sustaining material systems near phase transitions. We
capitalize on a passive, geometric constraint applied to an
architected elastomer material inclusion, Figure 1b and c. The
rotationally symmetric, radially arrayed beam geometry,
outlined in the dashed line in Figure 1b and c, is inspired
by recent work on post-buckled metamaterials.[33] In contrast
to the prior work, here a cylindrical structure to-be-dampened
constrains the radially arrayed beams of the elastomer
inclusion by virtue of the fact that the inclusion outer
diameter Do is slightly greater than the inner diameter Di of
the cylindrical shell. This geometric constraint yields a
strategic compressive stress near the critical point of buckling
for the radially arrayed beams, such that the lowest linear
eigenfrequency of the inclusion vanishes in the ideal case. The
torsional and radial motions of the elastomeric core provide
the lumped mass displacements to bend the beams under this
constraint. Thus, the inherent viscous dissipation of radially
arrayed beam bending is the baseline damping capacity that is
amplified in consequence to the critical point constraint
provided by the shell.

This inclusion architecture was recently investigated by the
authors in a different context of vibroacoustic wave trapping
andattenuationwithinporoelasticmedia that servedashosts to
suchinclusions.[34]Byvirtueof the“hidden”degree-of-freedom
(i.e., a constrained inclusion), the poroelastic metamaterials
exhibited large vibration and wave damping particularly in
o. KGaA, Weinheim ADVANCED ENGINEERING MATERIALS 2016, 18, No. 11



Fig. 2. Evidence of impact energy attenuation from drop experiments. (a) Means
(points) and standard deviations (bars) of measurements for drop tests taken for the
cylindrical shell, shell with bulk elastomer, and shell with material inclusion constrained
in the vicinity of the critical point. (b) Representative time series for the three specimens
when dropped from 471 [mm] and video snap-shots for specimens with (c) bulk
elastomer and a (d) material inclusion.
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resonance frequency bands associated with the poroelastic
media stiffness and themass andgeometry of the inclusion and
shell. Focusing strictly and more closely in this report at the
broadband damping enhancement provided to the shell
structural dynamics by the constrained inclusion itself, here
we first utilize the previously developed, plane strain finite
element (FE)model[34] of the architected elastomer inclusion to
derive new insights. The FE model assesses the parametric
influences that tailor the lowest eigenfrequency and cause it to
vanish at the ideal critical point; additional model details are
given in the Supporting Information. For this inclusion
topology, as depicted by the FE model geometry in
Figure 1d, the open-to-closed angle ratio a=b and the diameter
ratioDo=Di of the symmetric unit cell are key non-dimensional
parameters bywhich the inclusions are tunednear to the critical
pointwhere the lowest eigenfrequency becomes zero. From the
newFEmodelresults showninFigure1e, thecriticalpoint p ¼ 1
is thehorizonbetween shadedandunshadedareas, uncovering
a substantially larger design space for critical point constraints
than that identified in the previous work.[34]

We fabricate and prepare inclusions across the design space
shown in the contour plot of Figure 1e (and see Video File 1).
We report on results obtained using the representative cases
shown as the data markers in the contour. The inset
photographs of Figure 1e exemplify the influences of change
in the non-dimensional parameters. Large a=b produces
slender radially arrayed beams, which can give rise to
buckling evident by inclusion rotation,[33,34] shown for
specimens E and F. According to our hypothesis the inclusions
labeled B and D will be those with the greatest energy
dissipation capabilities, since they exhibit the smallest values
of fundamental eigenfrequency according to the FE model
results, Figure 1e. Indeed, our corresponding analysis of a
simplified two-dimensional system verifies that impact
energy is most effectively suppressed in a structure that
contains an inclusion constrained at the critical point p ¼ 1
such that the inclusion natural frequency vanishes, see
Supporting Information. The analytical model predicts, seen
in Figure 1f, that following an initial impulsive energy input,
the structurewith an inclusion nearest the critical point (p � 1)
returns to rest in several orders-of-magnitude less time than
either pre- (p < 1) or post-buckled (p > 1) inclusions. This is
additional evidence that elimination of restoring forces
relatively amplifies the dissipative influences on the system
dynamics, providing a potent means for impact energy
suppression. The aim of our experimental efforts is to assess
the efficacy of such seemingly simple theory.

To first evaluate the damping performance of the
architected material inclusions when compared to baselines,
we conduct drop experiments using cylindrical shell speci-
mens, shell specimens filled with bulk elastomer, and
specimens with architected inclusions, see the insets of
Figure 2a and b and Supporting Information. A laser sensor
measures specimen displacement in a sufficiently long time
duration around impact to accurately determine incoming
and outgoing specimen speeds. A force transducer below the
ADVANCED ENGINEERING MATERIALS 2016, 18, No. 11 © 2016 WILEY-VCH Ve
thick impact plate measures the transmitted impulse received
by the cylindrical structure.

Hunt and Crossley[35] observed that the coefficient of
restitution (COR¼ vo=vi, with vo and vi being outgoing and
incoming speeds, respectively) could serve as a useful proxy
for impact energy attenuation, where smaller COR values
represent larger energy absorption. Figure 2a presents the
COR data from the drop experiments, while Figure 2b–d and
Video File 2 provide representative displacement time series
of impact events. The high mean COR for the aluminum shell
is evidence of its low damping and inherent inability to absorb
impact energy. Comparatively, the introduction of bulk
elastomer reduces COR to approximately 60% of the shell
rlag GmbH & Co. KGaA, Weinheim http://www.aem-journal.com 1873
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 baseline. Yet, the increased energy dissipation is insufficient to
inhibit all rebound, Figure 2c, while the bulk elastomer has the
disadvantage that the net specimen mass is doubled. In
striking contrast, the architected material inclusion reduces
the COR to approximately 20% or less of the shell baseline,
thus preserving the integrity of the structure into which it is
embedded, Figure 2d. Importantly, the material inclusion is
also 33% less massive than the bulk elastomer. Thus, with less
mass the material inclusion absorbs substantially greater
energy and preserves the structure from excessive rebound
(see Video File 2). This verifies that strategic constraint near a
critical point can introduce considerable damping, in accor-
dance with the analytical prediction given in Figure 1f.

To assess the efficacy of the hypothesis grounding our
approach, the measurements from drop experiments using
specimens with material inclusions that cover the parameter
space shown in Figure 1e are presented in Figure 3. Specimens
A, B, and C have the same angle ratio a=b, but the diameter
ratiosDo=Di are, respectively, less than, very near, and beyond
that required to achieve the critical point. Figure 3a shows that
specimen B, sustained nearest to the critical point, exhibits the
most significant suppression of impact energy by virtue of the
smallestmean COR (8.76%) across the five heights fromwhich
the specimens are dropped; this compares to specimen A
(mean COR 10.1%) and specimen C (mean COR 9.73%). Such
relative performance is predicted according to the basis of
achieving maximal energy dissipation for inclusions nearest
to the point of buckling. In Figure 3b, we compare the COR
measurements for specimens D, E, and F, which, respectively,
possess inclusions on the verge of buckling, post-buckled, and
still further post-buckled, by change of the angle ratio a=b

with nearly identical diameter ratios. The inset photographs
of Figure 1e show the specimens and how the post-buckled
Fig. 3. Enhanced impact energy attenuation by material inclusion design near the
critical point. COR measurements are shown for specimens (a) A, B, C that vary
diameter ratio and for specimens (b) D, E, F that vary angle ratio. Means (points) and
standard deviations (bars) are shown, as a function of the drop height. The overall mean
COR values are provided for each specimen at the top of the respective sub-figure.

1874 http://www.aem-journal.com © 2016 WILEY-VCH Verlag GmbH & C
rotation of the inclusion is evident by the increase in a=b from
D to E, and then exacerbated from E to F. As revealed by our
measurements, Figure 3b, the specimens with post-buckled
inclusions E and F are inferior at suppressing the impact
energy because the mean COR values are, respectively, 10.2
and 12.2% compared to the inclusion D constrained nearest to
the critical point with mean COR 7.87%. The collective
evidence first verifies that the critical point is the origin of
extreme impact energy absorption. Second, the results
demonstrate that specimen F is less effective at damping
the structural dynamics upon impact than the less buckled
specimen E, which is in agreement with the premise upon
which this research bases its motivation to achieve the most
effective attenuation of impact energy. Moreover, considering
both specimen groups, the COR does not significantly
increase for the range of drop heights examined, although
the impulsive energy increases by more than 5.8 times across
this range. When compared to metamaterials that exploit
phase transitions associated with triggering required
thresholds,[20–22] the damping capability realized by our
material design concept near the phase transition is more
robust to changing input energy amplitudes (i.e., a linear-like
property) in accordance with the principle and theory
underlying the phenomenon.

Finally, mitigating impact energy to protect structures
and delicate contents therein requires that impulsive
forces/stresses transmitted to the bodies are minimized;[1,2]

minimizing this stress also promotes reusability of a
protective structure. In our investigation, the relevant metric
to minimize is the impact force measured beneath the impact
plate. Figure 4 presents the measurements of peak impact
force for the cylindrical shell itself and with the bulk
elastomer, alongside measurements for (a) specimen group
A, B, and C, and for (b) specimen group D, E, and F. The
specimen utilizing bulk elastomer results in peak impact
forces approximately 150% greater than the rest of cases
considered, although it is 121% of the mean mass of the
specimens that possess constrained material inclusions. This
indicates that the bulk elastomer does not provide the same
extent of impulsive force suppression per mass that the
material inclusions empower by virtue of the strategic
architecture and constraint. Within statistical measures, the
architected material inclusions all result in similar peak
impulsive forces according to the height at which the
specimens are dropped. These impulsive forces are compara-
ble to those measured for the shell itself, despite the fact that
the specimens with constrained inclusions are approximately
70% more massive than the shell alone. Consequently, the
acceleration imparted to the shell by the impact force is
approximately 70% less for the specimens that utilize the
material inclusions compared to the shell on its own.
Summarizing the findings, the structural specimens with
architected inclusions undergo smaller impact forces, in-
creased energy attenuation, andmore rapid elimination of the
structural dynamics via the constraint near the critical point.
Additional experimentation on a broader range of specimens
o. KGaA, Weinheim ADVANCED ENGINEERING MATERIALS 2016, 18, No. 11



Fig. 4. Impact force from drop experiments. Comparison of specimens with shell alone
and the shell with bulk elastomer to measurements for specimens (a) A, B, and C, and
(b), D, E, and F. Means (points) and standard deviations (bars) are shown, as a function
of the drop height.
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and constraint configurations corroborates such findings (see
Supplementary Information).

Our results draw important, new conclusions regarding the
use of critical points of transition in engineered material
systems as means to cultivate extreme impact energy
absorption for resilient structures. Although recent research
is identifying promising approaches to leverage phase
transformations in metamaterial systems,[20–24] the imple-
mentation of a phase transition necessarily requires storage
and release of energy. This results in the opportunity that
energy may be undesirably returned to the system, i.e., via
“snap-back” events.[20] Contrasting such approach, our ideal
material inclusions exhibit purely resistive impedance since
the contribution of dissipative forces is maximized simulta-
neously as restoring forces are minimized.[26]

In addition, unlike the sensitivities of activating phase
transformations[20] and key roles of initial conditions,[25] the
concept described here is extremely repeatable (see Video
File 2). Our analysis anticipates that the rapid suppression of
impact energy is not linearly scalable to ever-increasing
energy inputs for the ideally constrained inclusions, shown in
Figure 1f and Supporting Information. On the other hand,
using the design approach established here, one may use the
FE model guidance to select appropriate inclusion material
and architected topology that promote the required con-
straints and grant the needed energy dissipation. Neverthe-
less, we have conducted drop experiments beginning from
136 [mm] to 5.8 [m] (see Video File 3) that do not cause plastic
deformation to the shell, and the results are consistent with
our premise.

In summary, our approach to elastomeric material
architecture and constraint achieves significant and rapid
ADVANCED ENGINEERING MATERIALS 2016, 18, No. 11 © 2016 WILEY-VCH Ve
attenuation of impact energy for the structures in which such
inclusions are applied. The idea is clearly extensible to other
inclusion designs and structural implementations. As shown
by our model specimens, the concept is easy to manufacture
and assemble. In applications where impact energy must be
rapidly absorbed by a resilient structure to prevent harm to
delicate cargo and ensure long-term structural integrity, we
conclude that deploying a material on the verge of a critical
transition provides the most effective and expedited elimina-
tion of energy.
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